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1. INTROIXJCTI~N 
Many areas in classical applied mathematics and mathematical physics generate sys- 
tems of partial differential equations that describe wave propagation and/or stability to 
perturbations about an equilibrium. Very often the linearized equations are susceptible 
to integral transformation and a reduced system of ordinary differential equations with 
complex coefficients may be obtained. In this note we establish a straightforward method 
for reducing two coupled equations of this type to a system that can be easily manip- 
ulated mathematically while retaining physical significance, even if the original forms 
are highly complicated. Many of the complicated terms can be ‘pushed” into positive 
definite quantities, enabling eigenvalue bounds to become more readily accessible. 
Detailed explanation of the physics behind the equations discussed in section 3 may 
be found in [l] and (21. The notation used in that section is, briefly, as follows. The 
quantities c(z),u( ) z an c x are the sound, AlfvCn and flow speeds respectively; n(x) is d ‘r( ) 
the buoyancy frequency, H(s) is a density scale height, g the magnitude of gravitational 
acceleration, w&C is an angular frequency, k a horizontal wavenumber; 12 = w - kU and 
A2 = a2 - a2k2. 
2. THE METHOD 
We consider tl:e following linear system of coupled first-order ordinary differential equa- 
tions with non-constant comDlex coefficients: 
y:(x) + h(X)Yl(X) + c1(4Y:(4 + 4(4Y2(4 = 0 (1) 
Y:(x) + b2(4Yl(X) + C2(4Yz4 + d2(4Y2(4 = 0 (2) 
An equivalent form, involving y;(x) or y;(x) only in each equation is 
(~1 - CZ)Y: + (h - b2)yl + (d2 - Qy2 = o (2) 
and 
(~1 - c2)y: + (bzcl - blc2)yl+ (d2cl - &2)y2 = 0 
The changes of dependent variables 
(4 
YI(x) = exp( 
I 
kW?)K(z) (5) 
and 
where 
Ye = exp{ 
I 
z P(rl)drl)Y2(x) (6) 
5(x) = (blcz - bztcl)(cl - c2)-l, ~2 $ cl 
(7) 
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and 
yield the system 
P(z) = (d2 - dl)(Cl - c2)-l, (8) 
Y; + AY2 = 0 (9) 
where 
Y,‘+BYl =o (10) 
/ 
2 
A(x) = (d2q - dlc2)(c1 - ~22)~~ exp{ (P - 4W (11) 
and B(x) = (br-b2)(c1-c2)-1 exp{/z(a--P)dg) (12) 
From physical considerations the complex quantity (wave-energy flux) +(z) is of interest, 
where 
$(z) = YlY2 = -FIY;A-l (13) 
Since (A-lY;)’ - BYI = 0, (14) 
it follows that 
tj’ = -{B 1 Yl I2 +A-’ 1 Y; I”} (15) 
= -{Bo I YI I2 +A;' I Yi 12}exp{/'(~--B)drl} (16) 
where Ao(~) = 4~)exp{/z(or-BPr)) 
and Bo(~) = ~(~)ed/z(B-a)dv} 
Again from physical considerations, appropriate boundary conditions are that, on 
OLxld, 
Re$(O) = Re$(d) = Im$(O) = Im$(d) = 0 
whence, on using the boundary conditions 
(17) 
/‘&(x)(/3 - a)dx = /‘{II0 / Yl I2 +A,l I Y; 12}dx (18) 
0 0 
where PO(x) = -PIY;A;’ . (19) 
J 
‘@(x)dx = 0 = Im 
/ 
’ Furthermore, since Re ’ o 4 (+x, it follows from (16) that if 
0 
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and 
then 
and 
--{&I 1 K I2 +A,l 1 Y; I”} = M(s) +iiv(z) (20) 
19(z) = Im J orb -ml (21) 
J 
d 
R(z){Mcos0 - iVsinB}dz = 0 (22) 
0 
J 
d 
R(z){lmd + Ncos6)ds = 0 (23) 
0 
where R(z) = exp{Re J o’(” - P)W (24 
Note that if Im(cr - p) _ 0, the integral invariants (22) and (23) simplify consider- 
ably. The next section examines the implications of the above results for specific systems 
in ideal hydrodynamics and magnetohydrodynamics. Complex eigenvalue bounds, for 
example, can be obtained for unstable systems, useful from both a theoretical and a 
computational viewpoint. Very often, especially when a! - /3 is not purely real, a con- 
siderable amount of algebra is necessary to extract useful theoretical information on the 
system. Nevertheless, without transformations (5) and (6) the algebraic complexity is 
considerably increased via the presence of derivatives of quotients of the complex coeffi- 
cients. 
3. AN APPLICATION 
The basic equations of ideal shear-magnetoacoustic-gravity waves (SMAG) have been 
discussed in [l]; in terms of equations (1) and (2) the coefficients are as follows: 
b,(z) = {c2(n2 - A2) + ga2/2H}(ga2)-1 
Cl(Z) = c2(ga2)-l ; r&(z) = (g - c2/2H)(ga2)--’ 
a,(z) = {(u”/c” + A2/G2)(2H)-1 - g/c2}(a2/c2 + A2/f12)-l 
42) = 0 ; _d2(z) = f12{R2a2 + A2c2}-1 
Under these circumstance it can be shown that o(z) = -p(z). We here examine some 
simpler systems contained within the SMAG wave problem, namely (i) shear-acoustic- 
gravity waves (SAG), ( ii s ear-magnetogravity waves (SMG), (iii) shear-magneto- acous- ) h 
tic waves (SMA), and (iv) magneto-acoustic- gravity waves (MAG). Derivable from first 
principles, the governing equations can be obtained from the full SMAG system by taking 
the appropriate formal limits. Thus, corresponding to the above four cases (in physical 
variables) we obtain 
(i) SAG: a = 0, yielding CY = -p = g/c2 - 1/2H, (real). 
(ii) SMG: (a) c ---) 00, H + co, g/H < 00 (Boussinesq approximation) or (b) c -+ 00, 
H < 00, yielding, respectively CY = 0 or (Y = -1/2H (real). 
(iii) SMA: g I= 0, H < 00, yielding a! = - 1/2H (real). 
(iv) MAG: G = w since V(z) = 0, and w2 is real, so a! (and hence @) is real. 
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In cases (i) - (iii) f or which w,wi # 0, a semicircle theorem may be derived. We state here 
only the result for case (i): the form of derivation is identical for each. Consideration of 
integrals of M/wi f N/w, yield, in terms of the phase speed c^ = w/k = E, + i&, 
d d 
lJ2@dx = c^,l U 1 w I2 Qdx + k2 Adz 
(25) 
(26) 
where Cp =I Ao [-‘I Y; I2 +k2 I Ye I22 0 
and k2A = n2 I A0 I-‘1 I’: I2 +cW2 I Y I22 0 
Then if b = rnZn U(Z), a = minU(z), in the manner of [3] it can be shown that 
Z 
[{ 
C, - :(a+ b)>’ +cf -i(b-a)2] ~dQdx+~dAdx<O (27) 
i.e. any complex eigenvalues lie in a circle centered on the mean speed 0 = i (a + b) with 
radius i(b - a). Unstable eigenvalues, if they exist, lie in the upper semicircle (see [3], 
PI)* 
The presence of non-zero A renders these results non-optimal; but judicious use of in- 
equalities can yield tighter bounds. The forms of A and 9 are similarly found for cases 
(ii) and (iii). In case (iv) there being no shear, no circle theorem applies, but it can be 
shown in a similar fashion that Re$( ) z is a piecewise constant function in (o,d). 
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